Self-focusing is a well-researched phenomenon. Nanoscale spots can be achieved through selffocusing, which is an alternative method for achieving high-density data storage, high-resolution light imaging, and maskless nanolithography. Several research groups have observed that self-focusing spots can be reduced to nanoscale levels via incident laser power manipulation. Self-focusing spots can be analyzed by solving the nonlinear Schr€ odinger equation and the finite difference time domain method. However, both procedures are complex and time-consuming. In the present work, a multilayer thin-lens self-focusing model that considers diffraction effects and changes of refractive index along the radial and film thickness directions is proposed to analyze the self-focusing behavior and traveling process of light beams intuitively. The self-focusing behaviors of As 2 S 3 are simulated, and results show that a nanoscale self-focusing spot with a radius of about 0:12 lm can be formed at the bottom of nonlinear sample when the incident laser power exceeds 4:25 mW. Our findings are basically consistent with experimental reports and provide a good method for analyzing and understanding the self-focusing process. An appropriate application schematic design is also provided. V C 2014 AIP Publishing LLC.
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I. INTRODUCTION
Nanoscale light spots are highly useful in ultra-high density data storage, nanolithography, and high-resolution optical imaging. However, directly obtaining a nanoscale spot in visible light wavelengths is difficult because of light diffraction limit effect. Researchers have different techniques and methods to obtain nanoscale light spots. Among available approaches, utilization of intensity-dependent optical nonlinear effects is a good alternative for obtaining small spot and conducting high-resolution imaging. 1, 2 Optical nonlinear effects include two aspects: nonlinear absorption which includes saturation and reverse saturation absorption, and positive nonlinear refraction. Nonlinear saturation absorption effect can reduce the side lobes generated by phase-plate super-resolution methods. 3 Super-resolution near-field structures resulting from nonlinear saturation absorption effects have been experimentally applied to nanoscale lithography 4, 5 and nano-optical data storage. [6] [7] [8] [9] Nonlinear reverse saturation absorption can form below-diffraction-limited energy absorption region that can be used to conduct nanoscale maskless direct laser writing. 10, 11 In nonlinear refraction, the nonlinear Fabry-Perot cavity has been proposed to form a nanoscale central hot spot when the nonlinear medium thickness is within the magnitude of the incident light wavelength. 12, 13 However, when the nonlinear medium thickness is larger than the incident light wavelength, multiple interferences within the nonlinear Fabry-Perot cavity become inconspicuous and the self-focusing effect becomes dominant.
It is well known that the radiation-induced nonlinear effects can generate self-focusing needles. The needle of light was experimentally obtained with a channel width smaller than the wavelength by varying experimental conditions. [14] [15] [16] The self-focusing needles can be utilized to obtain nanoscale spots at the bottom of nonlinear sample by manipulating some experimental conditions. [17] [18] [19] Nanoscale selffocusing spots can be directly coupled to samples, such as optical recording thin films and resists, in the near-field range, to realize ultra-high density data storage, and nanolithography applications, among others.
In general, the self-focusing spot can be roughly estimated by considering a nonlinear medium as gathering lens, 20 as shown in Fig. 1 . In Fig. 1(a) , the light beam irradiates the nonlinear sample and forms a self-focusing spot. In practice, the refractive index may be assumed to change only along the radial direction r and remains unchanged in the thickness z position, which is actually effective for nonlinear Author to whom correspondence should be addressed. Electronic mail: weijingsong@siom.ac.cn.
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V C 2014 AIP Publishing LLC 116, 063107-1 "thin" samples. For nonlinear "thin" sample, some approximations can be used. The first is that the diffraction effect inside the nonlinear sample is neglectable. Second, the refractive index n along sample thickness direction remains unchanged. Irradiation of the Gaussian incident laser beam spot with an initial intensity distribution may be described as
with
where P is the incident laser power, and w 0 is spot radius at 1=e 2 maximum intensity. The refractive index is written as
where n 0 and c are the linear refractive index and nonlinear refraction coefficient, respectively. The nonlinear sample is usually considered as an equivalent gathering lens, as shown in Fig. 1(b) , and the focal spot size and focal distance are calculated with simple lens formulas.
For nonlinear "thick" samples, approximations are often invalid. On one hand, the change in refractive index along the sample thickness direction needs to be considered because n is a function of both the radial coordinate r and the sample thickness direction coordinate z. Gaussian intensity beam spot irradiation induces self-focusing, and light beam converging effect occurs within nonlinear samples. During convergence, the light intensity increases along the sample thickness direction z, and the refractive index needs to be marked as nðr; zÞ. On the other hand, beam broadening resulting from diffraction and divergence effects should also be considered in thick samples. During propagation, the light beam may diverge with increasing propagation length. Absorption also influences changes in beam size as light travels inside a sample.
The self-focusing beam spot size can be obtained by solving the nonlinear Schr€ odinger equation. 21 However, selffocusing beam spot size is difficult to obtain directly using an analytical solution, so numerical methods, such as the finite difference time domain method, need to be used. 22 However, in real applications, numerical methods require complex mathematical operations and long computing time. In the present work, a multi-layer thin lens self-focusing model is used to understand the formation and propagation characteristics of self-focusing beam spot inside nonlinear "thick" samples. As 2 S 3 is taken as an example. A nanoscale spot of about 200 nm is obtained for As 2 S 3 , and the simulation results are consistent with experimental reports. 17, 18 Nanoscale spot is useful in nanolithography, ultra-high density data storage, and high-resolution imaging.
The rest of this paper is organized as follows: Sec. II describes a multi-layer thin lens self-focusing analytical model for positive nonlinear refraction. In Sec. III, using As 2 S 3 as an example, self-focusing beam spot is calculated for different irradiation laser power, and comparison is made between the calculated results and experimental findings. Section IV gives the explanations on the diffraction and divergence angles. Section V presents the application schematic design, and the conclusion is obtained in Sec. VI.
II. MULTI-LAYER THIN LENS SELF-FOCUSING MODEL
A collimated light beam with Gaussian intensity profile is focused onto a "thick" sample with a positive nonlinear refraction coefficient (c > 0). The light beam causes the refractive index n to be maximum at the spot center and decrease with increasing radial coordinate r. The traveling speed of light at the central region of the spot ðr ¼ 0) is the slowest, whereas the traveling speed at the rim of the spot is the fastest, that is, the traveling speed increases along the radial coordinate r. Thus, a self-focusing lens is formed inside the nonlinear "thick" sample. The nonuniform profile of the traveling speed causes the equiphase surface of the wavefront to become a curved surface. The curved surface changes with the sample thickness position z because of the variation in refractive index profile, as shown in Fig. 2 . The propagation direction of the light ray is perpendicular to the equiphase surface, which causes the light ray to bend inside the nonlinear sample during its traveling. The spot size decreases as the light rays travel inside the nonlinear sample. Thus, a nanoscale self-focusing spot is formed at the bottom side of the nonlinear sample.
To understand beam propagation inside the nonlinear "thick" film, a multi-layer "thin" lens self-focusing model is proposed. The nonlinear "thick" sample is divided into m layer, and the thickness of each layer is
where L is the thickness of nonlinear sample. Every layer can be considered a "thin" lens if m is large enough. Inside every layer, the refractive index n is uniform along the thickness direction inside each layer and only a function of the radial coordinate r. The focal length of every "self-focusing thin lens" is marked as f i , with i ¼ 1; 2; 3; …; m. A collimated light beam is focused into a diffractionlimited spot by a lens and incident to the nonlinear sample surface. The phase change of the incident wavefront inside every thin layer is neglected because the layer thickness DL is much less than the Rayleigh length z 0 . The light ray at the rim converges to the center of the self-focusing thin lens according to the Fermat principle, which states that light rays at the rim and the center of a lens have the same optical path. Thus the light ray at the rim deflects toward optical axis at an angle of h s;i ði ¼ 1; 2…mÞ, where the h s;i is called as self-focusing angle of the i th layer.
For the 1st layer:
When the diffraction-limited spot goes into the 1st layer and induces redistribution of refractive index, according to formulas (1) and (3), the central refractive index of selffocusing thin lens is
Based on Fermat principle, 23 for self-focusing thin lens, the optical path length ð Ð nðrÞdlÞ of all rays traveling from a wavefront at the input surface to the self-focus point must be equal. As an estimate, one can take the refractive index along the edge ray to be n r;1 ¼ n 0 þ cI 0 =e 2 , and the refractive index along the central ray to be n c;1 ¼ n 0 þ cI 0 . Thus, according to Fig. 3(b) , one has
In the process of light traveling and self-focusing inside the every layer of nonlinear sample, the light beam is also prevented (and restricted) from self-focusing, which is called as restriction effect. The restriction effect can be expressed with the restriction angle h r . The restriction effects are generally from two aspects. One is from beam divergence effect, and the other is from diffraction effect. Here the diffraction effect is only considered, and the explanations on the consideration of diffraction effect will be presented in Sec. IV. For the 1st layer, the diffraction angle h diff ;1 is defined as
In every layer, the self-focusing and diffraction effects need to be taken into account simultaneously. The selffocusing effect leads to beam convergence, and the diffraction effect causes beam to diverge. Thus the self-focusing induced beam convergence is restricted by diffraction effect. Here one can define beam convergence angle h i for the ith layer. For the 1st layer, the convergence angle is given
The spot radius after passing through the first layer is changed as
Considering the linear absorption effect with an absorption coefficient of a 0 , which has no influence on beam radius variation, the central light intensity at the exiting surface of the first layer is
For the ith layer:
Similarly, at the ith layer, n r;i ¼ n 0 þ cI iÀ1 =e 2 . The central refractive index n c;i , self-focusing angle h s;i are
The diffraction and convergence angles are
The spot radius w i and light intensity I i after passing through the ith layer are
For the last layer (the mth layer):
At the last layer (the mth layer), n r;m ¼ n 0 þ cI mÀ1 =e 2 ,
The diffraction and convergence angles are 
The spot radius and light intensity after passing through the last layer are
Here, it needs to be explained that when h s;i > h diff ;i , the self-focusing effect is dominant over the diffraction effect, the beam is converging. When h s;i ¼ h diff ;i the beam size remains unchanged, which can lead to the formation of selffocusing needle. The h s;i ¼ h diff ;i is the ideal case where the self-focusing balances with diffraction effect. When h s;i < h diff ;i , the diffraction effect is dominant, and the beam becomes diverging. Actually, the h s;i < h diff ;i does generally not occur for the case of self-focusing overwhelming the diffraction effect, excepting that the balance is broken due to some factors, such as small material inhomogeneities, etc.
III. SIMULATION RESULTS
Here, Arsenic trisulfide (As 2 S 3 ) film is taken as an example. As 2 S 3 is a self-focusing material with strong nonlinear refractive coefficient but little absorption at 633 nm wavelength, it was reported that the subdiffraction limited spot was obtained through As 2 S 3 sample. The calculation parameters are as follows:
7 lm, DL ¼ 1 nm, and n 0 ¼ 2:32. 24 The initial incident laser power density I 0 ¼ 2P=pw 2 0 , where P is laser power. The numerical calculation flow is presented in Fig. 4 .
A. Self-focusing spot
The typical exiting spot intensity profiles at the bottom of sample are shown in Fig. 5 . Figure 5(a) is the incident spot intensity profile, the spot diameter at 1=e 2 intensity is about 4:3 lm, and central intensity is about 5:5 Â 10 8 W=m 2 . Figure 5(b) is the exiting spot at P ¼ 3 mW, compared with the incident spot one can see that the spot size is reduced, and the central intensity is about 2:5 Â 10 9 W=m 2 , which indicates that the self-focusing effect takes place. Figure 5(c) is the exiting spot at P ¼ 5 mW, a very small spot occurs, the spot size is greatly reduced compared with the Figs. 5(a) and 5(b), and the central intensity is about 2:3 Â 10 11 W=m 2 , which demonstrates that the self-focusing effect at P ¼ 5 mW is obviously stronger than that at P ¼ 3 mW. Figure 5 (d) is the spot cross-section intensity profiles of the Figs. 5(a) $ 5(c). The incident spot diameter is about 4:3 lm. The self-focusing spot diameter for P ¼ 3 mW is reduced to about 1:75 lm, the reduction ratio of spot size is about 60%. At P ¼ 5:0 mW, the self-focusing spot diameter at 1=e 2 intensity is about 0:26 lm, the size is about the order of the wavelength inside the sample, and the ratio of spot size reduction is about 94%. The self-focusing spot size of 0:26 lm is close to the diffraction-limited spot size inside the sample and has been reduced to the minimum for the As 2 S 3 sample at the 633 nm laser wavelength irradiation. The experimental and numerical fitting results from Ref. 18 are also presented in Figs. 5(e) $ 5(g), where the experimental conditions are the same as the simulation parameters. The circles are the experimental points. The solid lines are the fitting curves based on the numerical calculation of the nonparaxial approximation using the method from Ref. 25 . In the spot scanning experiments, the initial incident spot size is about 5:0 lm (also see Fig. 5(e) ) and then is reduced to about 2:0 lm at 1=e 2 intensity for P ¼ 3:0 mW, the reduction ratio is about 60% (also see Fig. 5(f) ). At P ¼ 5:0 mW, the self-focusing spot size at 1=e 2 intensity is reduced to about 0:28 lm, the reduction ratio is close to 95% (also see Fig. 5(g) ).
B. Light beam self-focusing behavior inside the nonlinear samples
The size of the self-focusing spot at the exit surface of the sample depends on the incident laser power. Figure 6 illustrates the dependence of the self-focusing spot radius on the incident laser power. The self-focusing spot radius basically decreases linearly with increasing laser power at 0 P 4:25 mW. At P > 4:25 mW, the self-focusing spot radius is about 0:12 lm and remains unchanged with further increases in laser power. No self-focusing spot radius reduction is observed at 4:25 mW P 5:0 mW. In this region of incident laser power, reductions in self-focusing spot radius are saturated and reach a limit. At this limit, the self-focusing effect cannot overcome propagating light diffraction, and the self-focusing beam is arrested. The minimum self-focusing spot radius is about 0:12 lm. Focusing-defocusing cycles are not observed during the simulations. Simulation results are consistent with experimental findings reported in Refs. 17 and 18. The central light intensity gradually increases with increasing laser power at P < 3:75 mW, as shown in Fig.  6(b) , abruptly increased at $3:75 mW P $ 4:5 mW and then remained stable at P >$ 4:5 mW.
To observe the light beam self-focusing process within nonlinear samples intuitively, Figure 7 presents the light intensity profile normalized by the optical axis center intensity for different film thickness positions; in the figures, the travelling light beam and self-focusing behavior within the sample can be clearly seen. Figure 7 (a) is at P ¼ 3:0 mW. Here, the light beam size slowly decreases when traveling a longer distance. Figure 7 (b) is at P ¼ 4:0 mW. Here, the light beam is approaching to diffraction-limited spot at the bottom of the sample, which indicates that the self-focusing effect is approaching to saturation, and a diffraction-limited self-focusing spot is being formed inside the sample. A selffocusing needle is generated after the diffraction-limited spot when the laser power is increased to P ¼ 5:0 mW, as shown in Fig. 7(c) . Figure 7 (c) also shows that self-focusing balances with diffraction effect and that self-focusing needle size remains unchanged. In Fig. 7(c) , the diffraction-limited selffocusing spot is generated inside the sample and the light beam travels in the form of a self-focusing needle. The position of the diffraction-limited self-focusing spot can be manipulated by changing the laser power. Figure 7 (d) presents the dependence of self-focusing distance on the incident laser power. The diffraction-limited self-focusing spot occurs at the bottom of the sample when P $ 4:25 mW, and the self-focusing distance linearly decreases with increasing laser power. Thus, the higher the laser power, the shorter the self-focusing distance.
C. Comparison with equivalent converging lens model
Generally, if ignoring the diffraction effect and nonlinear refractive index variation inside the sample, the self-focusing spot can be roughly estimated using an equivalent converging lens method, that is, the Gaussian laser beam irradiation induced nonlinear refraction effect can be considered as selffocusing converging lens, as is shown in Fig. 8 . The light beam with Gaussian intensity profile is normally incident onto the nonlinear sample, and an equivalent converging lens with self-focusing angle of h sf is produced, accordingly. The light beam radius is w 0 . The equivalent converging lens focuses the light into a spot with a radius of w sf .
For the self-focusing converging lens, the central refractive index can be rewritten as
The self-focusing angle is rewritten as,
According to Fig. 8 , one has
By mathematical operation, the self-focusing distance is,
According to Refs. 26 and 27, using the lens formula the diameter of self-focusing spot can be calculated as
Substituting formula (20) into formula (21) and by a series of mathematical operation, one has
The self-focusing spot intensity can be calculated as 11 W=m 2 , respectively, and one can find that the difference is obvious. The spot radius obtained by equivalent converging lens model is also obviously smaller than the experimental data of Fig. 5(g) . These indicate that for nonlinear thick sample the equivalent converging lens model is not suitable, and the multi-layer thin lens self-focusing model is a good alternative for analyzing and understanding the self-focusing behavior and spot performances.
IV. EXPLANATIONS ON THE DIFFRACTION AND DIVERGENCE ANGLES
The calculated results are shown in Fig. 10 . Figure 10 (a) is the incident spot intensity profile, and the central intensity is about 5:5 Â 10 8 W=m 2 . Figure 10(b) is the self-focusing spot intensity profile, the self-focusing spot becomes very small in the central region, and the central intensity is about 2:2 Â 10 13 W=m 2 (however, the estimated intensity by using equivalent converging lens model is only I sf ¼ 2:9931 Â10 11 W=m 2 ). Figure 10 (c) is the normalized intensity comparison of self-focusing spot with the incident spot, the comparison shows that the spot radius is obviously reduced to only 12 nm (however, the experimental results of Fig. 5(g) is 0:28 lm for self-focusing spot diameter), which is far smaller than the incident spot radius size. Figure 10(d) is the selffocusing beam inside the sample, one can see that a very thin self-focusing needle is formed inside the sample. Figure 10 results, the self-focusing spot radius is 0:14 lm (the diameter is 0:28 lm accordingly), which is far larger than the selffocusing spot radius of 12 nm obtained using the formula (26) as the restriction angle (h r ). It needs to be pointed out that the spot diameter of 0:28 lm is close to the diffraction-limited spot size inside the sample ð$ k=n).
In addition, for the self-focusing spot intensity, the value estimated by using equivalent converging lens model is I sf ¼ 2:9931 Â 10 11 W=m 2 , which is far lower than the central intensity of 2:2 Â 10 13 W=m 2 obtained using the formula (26) as the restriction angle (h r ). That is, using the near-field divergence angle in formula (26) as the restriction angle (h r ) in the self-focusing process, the calculated results are far deviated from the experimental results and values estimated by using equivalent converging lens model. Second, let us analyze the beam diffraction effect. Actually, using the h r ¼ h dif f ¼ 0:61k 0 n 0 w 0 as the restriction angle of the self-focusing process, the calculated results are basically consistent with the experimental results and the values estimated by using equivalent converging lens model. Thus, it is more reasonable that the calculation of the restriction angle is approximately to be diffraction angle h r ¼ h dif f ¼ 0:61k 0 n 0 w 0 . The approximation h dif f % 0:61k n 0 w 0 comes from the aperture Fraunhofer diffraction. In definition, Fraunhofer diffraction deals with the cases where the light approaching aperture is parallel and the image plane is at a distance large compared to the size of the diffraction object. In experiment, the lens is used to obtain the parallel light and collect parallel light to focal plane, as shown in Fig. 11 , and the conditions are met.
If there is no diffraction effect, the light will become be an ideal point on the focal plane. However, there is actually an Airy spot due to diffraction effect, the diffraction angle is calculated with the collecting lens and central Airy spot, and h dif f ¼ 0:61k n 0 w 0 is obtained. As the red dashed line is shown in Fig. 11 , the light travels through the center of the lens and reaches the edge of the Airy spot, which means that the light has a diffraction angle of h dif f ¼ 0:61k n 0 w 0 . In our model, the nonlinearity of the film causes the formation of an self-focusing lens aperture in every thin layer. As the nonlinear sample is thin and placed in the focal plane of the objective lens, the incident light can be considered to be parallel light. One can consider the nonlinear thin layer to be self-focusing lens, as is marked as lens 2 in the green box of Fig. 11 , thus h dif f ¼ 0:61k n 0 w 0 can be used to calculate the diffraction angle in every thin layer. Thus, based on the experimental and calculated results, the diffraction angle can be taken into account the restriction angle, that is, h r ¼ h dif f ¼ 
V. APPLICATION SCHEMATIC DESIGN
Self-focusing spot can be reduced to nanoscale level by manipulating the incident laser power. This spot is useful for high-density data storage, nanolithography, and highresolution light imaging. The application schematics of the spot can be roughly designed as follows. Resists (or samples) to be written (or imaged) are directly deposited (or placed) onto the nonlinear samples, as shown in Fig. 12 . A collimated laser beam is focused and incident on the nonlinear thick film. The self-focusing spot formed at the bottom of sample is directly coupled to the resists or samples. The spot size and focal distance can be adjusted by a neutral-density optical filter. High-density data storage, nanolithography, and high-resolution light imaging can be performed using self-focusing spots to scan samples.
VI. CONCLUSION
A multi-layer thin lens self-focusing model that considers the refractive index nðr; zÞ and diffraction effects is proposed to analyze the self-focusing behavior of light beams. Compared with general methods, such as direct solving of the nonlinear Schr€ odinger equation and the finite difference time domain method, the proposed model intuitively determines the self-focusing behavior and traveling process of light beams. The self-focusing behavior of As 2 S 3 is simulated, and simulation results are consistent with experimental reports. Nanoscale self-focusing spot with an radius of about 0:12 lm can be formed at the bottom of nonlinear samples when the incident laser power exceeds 4:25 mW. Nanoscale self-focusing spots are useful in high-density data storage, high-resolution non-fluorescence labeling imaging, and nanolithography. An application schematic is also provided.
